Abstract -Radioactive decay of nuclei by the emission of heavy ions of C, N, O, F, Ne, Na, Mg, Al, Si, and P isotopes (known as exotic decay or cluster radioactivity) is reinvestigated within the framework of a semiempirical, one-parameter model based on a quantum mechanical, tunnelling mechanism through a potential barrier, where both centrifugal and overlapping effects are considered to half-life evaluations. This treatment appeared to be very adequate at fitting all measured half-life values for the cluster emission cases observed to date. Predictions for new heavy-ion decay cases susceptible of being detected are also reported.
Introduction
The spontaneous emission of heavy-ions (nuclear fragments heavier than alpha particles) from translead nuclei, known as cluster (or exotic) radioactivity, is a process firmly established since its first experimental identification from the detection of 14 C ions emitted from a source of 223 Ra isotope by Rose and Jones from the University of Oxford [1] . Such a novel radioactive decay mode was confirmed independently by Aleksandrov et al. [2] , and soon after by Gales et al. [3] and Price et al . [4] . Mass and energy of carbon nuclei emitted in the decay of 223 Ra were measured in a detailed experiment by Kutschera et al. [5] where the 14 C nature of 29.8-MeV ions emitted from 223 Ra was unambiguously established. The half-life for such a process was obtained as (2.1 ± 0.5) × 10 15 s [5] , thus confirming previous measurements from other laboratories [1] [2] [3] [4] .
The possible existence for such a rare radioactive decay process was reported early in 1975-1976 by de Carvalho et al . [6, 7] , when it became clear from calculations based on the classical WKB method for penetration through a potential barrier the possibility of a few heavy-ion emission modes from 238 U with fragment mass in the range 20-70. Those calculations, very preliminary in nature, showed clearly that shell effects were strongly related to the decay rates, the processes involving magic numbers either for the emitted clusters or for the daughter product nuclei being the most probable fragment emission modes [8, 9] (see also [10] ).
These unexpected results were interpreted soon after by Sȃndulescu and Greiner [11] as a case of very large asymmetry in the mass distribution of fissile nuclei caused by shell effects of one or both fission fragments [11, 12] . Later, more refined and extensive calculations by Sȃndulescu et al . [13] showed that conditions are most favorable for radioactive decay of 24 Ne and 28 Mg from Th isotopes, 32 Si and 34 Si from U isotopes, 46 Ar from Pu and Cm isotopes, and 48 Ca from Cf, Fm, and No isotopes. These early predictions were subsequently improved by new calculations [14] [15] [16] [17] which showed that a number of heavy nuclei may exhibit a new type of decay, intermediate between alpha emission and spontaneous fission, which decay can be interpreted either as a highly mass-asymmetric fission or as an emission of a heavy nuclear cluster.
The advance in theoretical treatment of exotic decays has motivated several exper-imental groups to develop new methods for heavy-ion identification and half-life measurements in investigating for rare cases of exotic radioactive decays of extremely small predicted branching ratio relative to alpha decay in the range ∼10 −16 -10 −9 . Eleven different heavy clusters ( 14 C, 20 O, 23 F, 22, [24] [25] [26] Ne, 28, 30 Mg, 32, 34 Si) have been detected so far in the radioactive decay of translead parent nuclei. The reader is referred, for instance, to publications by Zamyatnin et al . [18] , Gonçalves and Duarte [19] , Guglielmetti et al. [20] , Ardisson and Hussonnois [21] , Poenaru [22] , Tretyakova et al. [23] , Kuklin et al. [24, 25] , Hourani et al. [26] , and references quoted therein, which give a detailed description of this phenomenon from both the experimental and theoretical points of view.
The question of why particular heavy-ion emission modes have been observed (or are the most likely candidates to be experimentally investigated) was discussed in details by Ronen [27] who, besides the aspects related to shell effects, has considered nuclei as composed of blocks of deuterons and tritons. Such a consideration led Ronen [27] [33] or the weighted average of (3.9 ± 0.2) × 10 11 years taken from all measured half-life-values available to date (for details see [31] One of the approaches to describe the cold cluster radioactivity of nuclei is a nonadiabatic treatment similar to alpha decay (alpha-decay-like model, ADLM) (the other approach is an adiabatic treatment similar to superasymmetric fission [24, 25] ). In view of the excellent performance of our quantum-mechanical tunneling, ADLM, to all cases of alpha decay as mentioned in the precedent paragraph, we thought it worthwhile to extend our original model [29] also in systematizing the half-lives of all cases of cluster emission so far experimentally investigated. Additionally, it can be useful to evaluate half-life and/or to give half-life predictions for expected, new cases of exotic decays not yet experimentally observed. Eventually, the present proposal can also serve to investigate cases of cold fission processes, and, as it has happened with the ELDM [28] , a unified semiempirical treatment can be achieved to all modes of strong nuclear decay (a description of proton radioactivity following these lines is in progress).
Routine calculation to half-life evaluation of cluster decay
The one-parameter model reported in details for the alpha decay process [29, 31, 32] is here adapted to calculate the half-life for the different cases of nuclear decay by emission of fragments heavier than alpha particles. In brief, the half-life for a given decay case is evaluated as
in which T 0 = (ln 2)/λ 0 , where λ 0 is the number of assaults on the potential barrier per unit of time, G ov is Gamow's factor evaluated in the overlapping barrier region (figure 1), and G se is the one associated with the external, separation region which extends from the contact configuration of the separating fragments up to the point where the total potential energy equals the Q-value for decay. In cases for which the disintegration occurs from the ground-state of the parent nucleus to the ground-state of the product nuclear fragments, and expressing lengths in fm, masses in u, energies in MeV, and time in second, the expressions for T 0 , G ov , and G se read [29, 10] :
where
with
in which the quantities x and y are calculated as
cQ , e 2 = 1.4399652 MeV·fm.
The basic, physical quantities of the present approach are thus a = R P − R C , c = R D + R C , the reduced mass of the disintegrating system, µ 0 , the Q-value for decay, and the mutual angular momentum, , associated with the rotation of the product nuclei around their common centre of mass. In equation (3) g is the adjustable parameter of the calculation model, the value of which being thus determined from a set of measured half-life values (see below). The quantity a is the separation between the centres of the fragments not yet completely formed, from which point the fragments start to be defined and drive away from each other (the overlapping region) until the contact configuration at separation c is reached (R P , R D , and R C denote the nuclear radius of the parent nucleus, daughter nucleus, and emitted cluster, respectively). The quantity c − a = 2R C − (R P − R D ) represents, therefore, the extension of the overlapping region (see figure 1) .
The values for both the quantities Q and µ 0 have been evaluated from the nuclear (rather than atomic) mass-values of the separating fragments, i.e.,
where the m's are given by
in which Z and A denote, respectively, the atomic number and mass number of the nuclear species, F = 931.494009 MeV/u is the mass-energy conversion factor, m e = 0.548579911 × 10 −3 u is the electron rest mass, and ∆M is the most recent atomic mass-excess evaluation by Audi et al. [37] . The quantity kZ β represents the total binding energy of the Z electrons in the atom, where the values k = 8.7 eV and β = 2.517 for nuclei of Z ≥ 60, and k = 13.6 eV and β = 2.408 for Z < 60 have been found from data reported by Huang et al. [38] . In this way, the Q-value for decay is calculated as
where the last term in this expression represents the screening effect caused by the surrounding electrons around the nuclei.
The spherical nucleus approximation has been adopted to the present calculation model. The radii for the parent, R P , and daughter, R D , nuclei have been evaluated following the droplet model of atomic nuclei by Myers and Swiatecki [39, 40] . Accordingly, we have used the radius expressions for the average equivalent root-mean-squares radius of the nucleon density distribution as already reported in details in Refs. [29, 32] . The reduced radius 
where R n and R p are the smooth descriptions of the neutron and proton radii, respectively, parametrized by Dobaczewski et al. [41] as
in which r 0 = 1.214 fm, For the purpose of the present analysis a heavy-fragment nuclear decay (or cluster decay, or radioactive decay by the emission of heavy ions) is the spontaneous nuclear break-up of a parent nucleus of mass number A P into two fragments of mass numbers A D (the daughter, product nuclide) and A C (the emitted fragment, or cluster) such that the corresponding asymmetry defined by
is in the range ∼0.60-0.90 (note that for alpha decay 0.92 η 0.97, and for fission cases η 0.5).
Finally, the values of angular momentum have been obtained from the usual nuclear spin (J ) and parity (π) conservation laws (
where the values of J and π are those reported by Audi et al. [37] in their recent compilation of nuclear and decay properties. Last, for the particular cases of = 0 one has x = 0, and equations (3) and (4) transform, therefore, to
and
3 Systematics of half-life for exotic decays
We have collected a total of 55 measured half-life values for 26 distinct cases of heavy-ion emission from 19 different translead parent nuclei (see table 1 ). In about half of the cases one has = 0, and in the other ones has taken the values 1, 2, 3, or 4 (5th column in an average value g e = 0.260 ± 0.024 could be ascribed to the unique parameter of the model, which value showed very adequate at fitting all measured half-life-values. Another method to find the best g-value of the present systematics is to use the radius-data, mass-excess-values, angular momentum, and experimental half-life for all decay cases as input information to minimize the quantity
where the subscripts denote experimental (e) or calculated (c) values, and n is the number of cases considered. The preliminary g-value so obtained is then used back into the routine calculation of the model to evaluate the τ c i -values for the n cases considered initially.
Fortunately, in the present analysis none of the 55 cases has been eliminated by the criterion |τ c − τ e | ≥ 2σ, thus resulting in a final value of g = 0.259 with the corresponding σ min = 0.786. The process of minimization of σ is shown in Fig. 3 , and the best g-value thus obtained compare quite completely with the average g e = 0.260 mentioned above (see also In the past, strong correlations between half-life (or decay constant) and the energy of the emitted particle have been established (known as Geiger-Nuttall's plots [72] Half-lives for radioactivity by the emission of neon isotopes can be appreciated in figure 7 , and the decay cases of 28 Mg and 34 Si emissions from U, Pu, and Cm isotopes are shown in figure 8 . In terms of half-life the present systematics covers eighteen orders of magnitude showing good reproducibility to the experimental data.
Finally, according to a modern description of alpha and cluster radioactivity [73, 74] , the decay constant for such processes can be written as
is the usual frequency of assaults on the barrier (cf. equations (1) and (2)), S is the cluster preformation probability at the nuclear surface (also known as the spectroscopic factor), and P is the penetrability factor through the external barrier region (c ≤ s ≤ b in figure 1 ). Since the quantity S = e −Gov is being given by the penetrability factor through the overlapping region of the barrier (a ≤ s ≤ c in figure 1 ) it results that S would correspond to the "arrival" of the cluster (or alpha particle) at the nuclear surface. Values of spectroscopic factor S = e −Gov for all decay cases here considered have been calculated, and they are listed in table 1 (9th column) and plotted in figure 4 -c. The trend shows a variation by seven orders of magnitude when one passes from 34 Si cluster with S = 10 −13 to 14 C cluster with S = 10 −6 .
The values of the quantities S and P are strongly model dependent, and greatly vary also with parameter-values in similar models. The spectroscopic factor contains the structure information of microscopic descriptions to cluster decay processes [73] . According to Poenaru and Greiner [74] the spectroscopic factor corresponds to the "arrival" of the cluster at the nuclear surface (or the preformation probability) which is given by Gamow's factor e −Gov calculated in the overlapping region. Table 2 lists λ 0 -, S-, and P -values for two examples of cluster emission obtained from five different semiempirical approaches. It is seen that the values for the "knocking frequency" λ 0 do not differ appreciably from each other model (maximum of ∼1 order of magnitude), but S and P exhibit differences as high as 5, 7, or even one order of magnitude) to the same half-life value which reproduces (within a maximum of one order of magnitude) the experimental result. To conclude, inspection on Fig. 4-c reveals that the spectroscopic factor is strongly related to the complexity of the cluster to be preformed, in the sense that a heavy cluster such as 14 C is 7 orders of magnitude more easily prompt to escape the nucleus than is 34 Si cluster.
Half-life predictions for new cluster emission cases
The present routine calculation developed in the precedent sections to half-life evaluations of heavy-ion radioactivities has been used here to make predictions of new possible cases for such exotic decays. The most likely candidates to be experimentally accessed are those that fit Ronen's "gold rule" for cluster radioactivity [27] , at the same time that the expected branching ratio relative to alpha decay, B α , be not lower than about 10 , is also shown. In the latter case, significant differences (up to four orders of magnitude) are noted, but these differences become smaller (or even null) when comparing the present half-life evaluations with those reported in [16, 17] . and Th isotopes ( figure 5) , 16, 18, 20 O from Th isotopes (figure 6), and 28 Mg and 34 Si cluster emissions from U, Np, Pu, and Cm isotopes (figure 8).
Uncertainties to calculated half-lives
The calculated half-life, expressed as τ c = log 10 T c 1/2 (s), depends basically upon the radiusand mass-excess-values adopted for the nuclides, angular momentum of the transition, and the value found semiempirically for the unique parameter of the model, g, such that, formally,
where i = P (parent nucleus), D (daughter product nucleus), and C (emitted cluster). Although all these quantities are subject to uncertainties, preliminary calculations have indicated that by far the most significant contributions to the final uncertainty in the calculated half-life, δτ c , come from the uncertainties associated to the radius-value of the emitted cluster, δR C , and that of parameter g, δg = 0.024, this latter being thirty times more significant than the former one. Therefore, δτ c can be evaluated by
Now, the uncertainty associated to the cluster radius can be estimated as
where ∆r p and ∆r n are the differences between the actual radius and the smooth description of the radius-value for the proton and neutron, respectively, following the radius parametrization by Dobaczewski et al. [41] (see section 2, equation (14)). here to analyse in a systematic way all available half-life data for cluster (or exotic) decays.
The analogy to alpha decay is quite complete, but some quantitative differences should be remarked such as i ) a substantial broader overlapping region of fragments thus making cluster preformation probability at the nuclear surface 4 to 10 orders of magnitude smaller than that for an alpha particle; ii ) the rarety of the cluster emission processes which is evidenced by an extremely small branching ratio relative to alpha decay (10
B α 10 −9 ); iii ) since such a case of radioactive decay is not easy of being experimentally identified the uncertainties to measured half-lives are in general large, and, therefore, the standard deviation from semiempirical treatments of the data is intrinsically greater than that obtained in alpha decay; iv ) half-life predictions for new cases of cluster decay are consequently valid within, at best, one order of magnitude or so; v ) the present analysis has shown in addition that for translead parent nuclei up to curium isotopes the only possible cases of rare radioactivity to occur are (or may be) those for the emission of 12, 14 Geiger-Nuttall's plots for different heavy-ion emission cases emerge nicely, therefore
showing that cluster radioactivity could be successfully described by the current quantummechanical tunnelling mechanism of penetration through a potential barrier.
The present analysis allowed us to make half-life predictions for a number of new cases of heavy-ion radioactivities. Particularly, it would be very important and interesting as well to see detected in a future the cases for natural cluster radioactivity such as 14 To conclude, the authors recall that the possibility for this new type of radioactivity (spontaneous emission of nuclear clusters heavier than the alpha particle) to occur was quantitatively investigated for the first time in 1975 by de Carvalho and co-workers [6, 7, 10] . Despite the incompatibility of their results with what is nowadays known about, they nonetheless launched into the basic ideas and furnished the motivation for investigating such new and exciting mode of nuclear disintegration process. b See equation (15) .
c Screening effects included (see equation (12)).
d Spectroscopic factor, S = e −Gov , where G ov is given by equation (3). e Branching ratio relative to alpha decay.
f Quoted in [51] .
g Quoted in [57] . Table 2 -Comparison between different models in evaluating the quantities λ 0 , S, and P of the decay rate λ = λ 0 SP (eq. (19) 23.95 Greiner [74] Kuklin et al. [24] 5.80 × 10 (12)).
c Taken from Ref. [16] .
Figure Captions (13) and (14)), and for daughter (triangles) and parent nuclei (squares) following the droplet model of atomic nuclei of [39, 40] . The line is the trend obtained along the beta-stability valley following the radius parametrization of [41] (see equations (13) and (14)).
Fig. 3
Finding the best g-value of the adjustable, one-parameter of the present model (equation (3)) through minimization of the standard deviation σ (equation (18)). between calculated and experimental half-life values, where the points can be seen distributed normally around ∆τ = 0 (see small histogram), and 80% of cases are of |∆τ | < 1, i.e., most of the measured half-lives is reproduced by the present systematics within one order of magnitude. In part c) the calculated spectroscopic factor, S = e −Gov , is depicted for all cluster emission cases as indicated (the line is drawn to guide the eyes). The abscissa is the mass asymmetry parameter, η (equation (15)), and all data are those reported in table 1. Fig. 7 The same as in figure 5 for neon isotopes decay of uranium isotopes as indicated. Figure 8 
